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THE TWISTOR SPINORS OF GENERIC 2- AND
3-DISTRIBUTIONS
MATTHIAS HAMMERL AND KATJA SAGERSCHNIG
Abstract. Generic distributions on 5- and 6-manifolds give rise to con-
formal structures that were discovered by P. Nurowski resp. R. Bryant.
We describe both as Fefferman-type constructions and show that for
orientable distributions one obtains conformal spin structures. The re-
sulting conformal spin geometries are then characterized by their con-
formal holonomy and equivalently by the existence of a twistor spinor
which satisfies a genericity condition. Moreover, we show that given
such a twistor spinor we can decompose a conformal Killing field of the
structure. We obtain explicit formulas relating conformal Killing fields,
almost Einstein structures and twistor spinors.
1. Introduction
It was found by P. Nurowski [Nur05] that one can naturally associate to
every generic 2-distribution on a 5-manifold a conformal structure of signa-
ture (2, 3), and a similar observation has been made by R. Bryant [Bry06],
who showed that there is a natural conformal (3, 3)-structure associated to
every generic 3-distribution in dimension 6. These treatments employ Car-
tan’s method of equivalence and explicitly prolong the equations defining the
distributions to a Cartan connection form, which is then seen to induce a
conformal class of metrics on the underlying manifold. [Nur05] and [Bry06]
also show that the induced conformal structures have special holonomies
G2 ⊂ SO(3, 4) and SO(3, 4) ⊂ SO(4, 4). The necessary computations are
not easily accessible and quite complicated when done in full detail. The
approach taken here is to deal with these two constructions by descriptions
as Fefferman-type constructions [Cˇap06]. This viewpoint is useful for focus-
ing on the essential algebraic relations between the structure groups of the
geometries in question. The treatment via parabolic geometry conveniently
shows that conformal structures associated to these distributions admit non-
trivial solutions to certain overdetermined systems of PDEs and it uncovers
relations between solution spaces - this is similar to the classical Fefferman
spaces [CˇG06, CˇG08].
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The purpose of this text is twofold. First, it provides a complete discus-
sion of the Fefferman-type construction for a generic rank 3-distribution in
dimension 6. Second, it details and extends a relation to spin geometry that
was found in [Ham09] for generic rank 2-distributions: We show that the
twistor spinor attached to a generic rank 2 or 3 distribution is a very con-
venient encoding of the distribution and makes the special properties of the
induced conformal structure easily visible. The Fefferman-type construction
for generic rank 2 distributions has been treated by the authors in [HS09].
The new treatment here via the relation to spin geometry yields considerable
simplifications.
The structure of this paper is as follows: In section 2 we discuss confor-
mal spin structures of signature (2, 3) and (3, 3) and how twistor spinors
satisfying a genericity condition on such structures give rise to generic dis-
tributions and conformal holonomy reductions.
In section 3 we show that all conformal spin structures of signature (2, 3) and
(3, 3) admitting such a generic twistor spinor are induced by a Fefferman-
type construction from a generic rank 2- resp. 3- distribution.
In section 4 we show that this twistor spinor can be used to decompose the
conformal Killing fields of the induced conformal spin structure into a sym-
metry of the distribution and, in one case an almost Einstein scale, and in
the other case a twistor spinor which is orthogonal in a suitable sense.
Acknowledgements. As always, the authors have benefited from many
discussions with Andreas Cˇap. Both authors gladly acknowledge support
from project P 19500-N13 of the ”Fonds zur Fo¨rderung der wissenschaftlichen
Forschung” (FWF). In the addition, the first author was supported by the
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supported by a L’Ore´al Fellowship ”For Women in Science”.
2. Generic twistor spinors on conformal spin structures of
signature (2, 3) and (3, 3)
2.1. Conformal spin structures. A conformal structure of signature (p, q)
on an n = p+q-dimensional manifoldM is an equivalence class C of pseudo-
Riemannian metrics with two metrics g and gˆ being equivalent if gˆ = e2fg
for a function f ∈ C∞(M). Suppose we have a manifold with a conformal
structure of signature (p, q). Let G0 be the associated conformal frame bun-
dle with structure group the conformal group COo(p, q) = R+ × SOo(p, q)
preserving both orientations. Then a conformal spin structure on M is a
reduction of structure group of G0 to CSpin(p, q) = R+ × Spin(p, q).
It will be useful to employ abstract index notation, [PR87]: we write Ea =
Ω1(M), Ea = X(M) and multiple indices as in Eab = T ∗M ⊗ T ∗M denote
tensor products. To write conformally invariant objects we will also need
the conformal density bundles E [w], which are the line bundles associated
to the 1-dimensional representations (c, C) 7→ cr ∈ R+ of CSpin(p, q) =
R+×Spin(p, q). The tensor product of a bundle V with E [w] will be denoted
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V[w]. We note that the conformal class of metrics C gives rise to a canonical
conformal metric g ∈ E(ab)[2] which is used to identify Ea with Ea[2].
Let us briefly introduce the main curvature quantities of the conformal
structure C (cf. [Eas96].) For g ∈ C, let
Pg :=
1
n− 2(Ricg −
Scg
2(n− 1)g)
be the Schouten tensor ; this is a trace modification of the Ricci curvature
Ricg by a multiple of the scalar curvature Scg. The trace of the Schouten
tensor is denoted Jg = g
pq Ppq. We will omit the subscripts g hereafter when
giving a formula with respect to some g ∈ C.
It is well known that the complete obstruction against conformal flatness
of (M, C) with, C having signature p+ q ≥ 3, is the Weyl curvature
C cab d := R
c
ab d − 2δc[a Pb]d+2gd[aP cb],
where indices between square brackets are skewed over.
We now introduce the basic ingredients of tractor calculus for conformal
structures ([BEG94]). The tractor bundles are to be introduced as equiv-
alence classes now, and alternatively as associated bundles to the Cartan
structure bundle of a conformal spin structure in the next section 3.
2.1.1. The standard tractor bundle. The standard tractor bundle T of a
conformal structure (M, C) is defined as an equivalence class of bundles
[T ]g, g ∈ C: For a given metric g in the conformal class, we define the
direct sum bundle [T ]g :=

E [−1]Ea[1]
E [1]

 , and a section [s]g =

 ρϕa
σ

 ∈ Γ([T ]g)
corresponds to the section [s]gˆ =

 ρˆϕˆa
σˆ

 =

ρ−Υaϕa − 12σΥbΥbϕa + σΥa
σ

 for gˆ =
e2fg, Υ = df . The standard tractor bundle carries the invariant tractor
metric [h]g =

0 0 10 g 0
1 0 0

 , which is compatible with the standard tractor
connection
[∇Sc

 ρϕa
σ

]g =

 Dcρ− P bc ϕbDcϕa + σPca + ρgca
Dcσ − ϕc

 . (1)
2.1.2. The spin tractor bundle. In the case where (M, C) is a conformal spin
structure, we define the weighted conformal spin bundle of (M, C) as
S[
1
2
] := G0 ×CSpin(p,q) ∆p,q[
1
2
].
Then we have the conformal Clifford symbol γ ∈ Γ(End(TM) ⊗ S[1]). For
ξ ∈ X(M) and χ ∈ Γ(S[12 ]) we will write Clifford multiplication also as
ξ · χ = γ(ξ)χ.
4 MATTHIAS HAMMERL AND KATJA SAGERSCHNIG
We define the spin tractor bundle of C again as an equivalence class
over C: with respect to g it is the direct sum of weighted spin bundles
[S]g :=
(
S[−12 ]
S[12 ]
)
, and a section [X]g =
(
τ
σ
)
∈ [S]g corresponds to [X]gˆ =(
τ + 12 Pcp γ
pχ
χ
)
∈ [S]gˆ. for gˆ = e2fg, Υ = df .
Indeed, S is the Clifford representation of T : This is seen by introducing
the Clifford action 
 ρϕa
σ

 ·(τ
χ
)
=
(−ϕa · τ −√2ρχ
ϕa · χ+
√
2στ
)
. (2)
It is easy to compute directly (see e.g.[Ham09]) that indeed s · s · X =
−h(s, s)X for all s ∈ Γ(T ),X ∈ Γ(S), and that this action is well defined.
S carries the spin tractor connection that is induced from the standard
tractor connection on T :
[∇Sc
(
τ
χ
)
]g =
(
Dcτ +
1√
2
Pcp γ
pχ
Dcχ+
1√
2
γcχ
)
.
Definition 2.1. The conformal holonomy of a conformal spin structure C
is defined as
Hol(C) := Hol(∇T ) = Hol(∇S) ⊂ Spin(p+ 1, q + 1). (3)
2.2. The twistor spinor equation and its prolonged form. For a given
metric g ∈ C the Dirac operator is defined as
D/ : Γ(S)→ Γ(S), D/ := γpDp,
and is used to define the twistor operator (cf. e.g. [BFGK90])
Θ : Γ(S[
1
2
])→ Γ(T ∗M ⊗ S[1
2
]),
Θ(χ) := Dχ+
1
n
γD/ χ;
Alternatively, Θ is described as the projection of the Levi-Civita derivative
of a spinor to the kernel of Clifford multiplication. The definition of Θ with
respect to the appropriately weighted spinor spaces used here is independent
of the choice of g ∈ C, i.e., it is a conformally invariant linear differential
operator. An element in the kernel of Θ is called a twistor spinor, and we
denote the space of twistor spinors by TwC := kerΘ. By the following
result, the space of twistor spinors is always finite dimensional:
Proposition 2.2 ([Fri90],[BFGK90],[Bra05],[Lei08],[Ham09]). Let Π0 : S →
∆[12 ] be the (well-defined) projection from the spin tractor bundle to the low-
est slot.
Π0 induces an isomorphism of the space of ∇S-parallel sections of S with
the space of twistor spinors TwC in Γ(S[12 ]). Its inverse is the conformally
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invariant differential splitting operator LS0 : Γ(S[
1
2 ]) → Γ(S) that is defined
with respect to a g ∈ C by
χ 7→
(√
2
n
D/ χ
χ
)
. (4)
In particular, one sees that the existence of a twistor spinor reduces the
holonomy of the conformal spin structure.
2.3. Conformal spin structures of signature (2, 3). We take some g2,3
be some signature (2, 3)-bilinear form on R5 and write R2,3 for R5 endowed
with this form. It is well known (due to [Car67], also cf. [Lou01],[KS09]) that
the real, 4-dimensional spin representation ∆2,3 of Spin(2, 3) = Spin(g2,3)
carries a unique skew-form b2,3 ∈ Λ2(∆2,3)∗ that satisfies
b2,3(ξ · χ, τ)− b2,3(χ, ξ · τ) = 0 (5)
for all ξ ∈ R2,3, χ, τ ∈ ∆2,3. It follows in particular that b2,3 is invariant un-
der Spin(2, 3), and this realizes the isomorphism Spin(2, 3) ∼= Sp(4,R). The
corresponding skew-symmetric pairing to b2,3 on the CSpin(2, 3)-associated
spin bundles is denoted b2,3 ∈ Γ(Λ2S∗[−1]).
Definition 2.3. A twistor spinor χ ∈ Γ(S[12 ]) is called generic if it satisfies
b2,3(χ,D/ χ) 6= 0.
Remark 2.1. (1) It easily follows from the twistor spinor equation, that
b2,3(χ,D/ χ) ∈ C∞(M) is constant, given that M is connected, which
we will assume. It is also easy to see from skew-symmetry of b2,3
and the transformation behavior of spin tractors that this number
doesn’t depend on the choice of g ∈ C used for its computation.
(2) Recall that a spinor is called pure if its kernel under Clifford multipli-
cation is a maximally isotropic subspace - in our case this means that
it has dimension 2. Since Spin(2, 3) acts transitively on ∆2,3\{0},
all non-zero spinors are pure. It is a well known fact due to E. Car-
tan [Car67] that the canonical pairing between two pure spinors is
non-trivial if and only if their kernels under Clifford multiplication
are transversal. This is easily seen directly in this case, which is
done in the proof below.
Proposition 2.4. Let χ ∈ Γ(S[12 ]) be a generic twistor spinor on a confor-
mal spin structure (M, C) of signature (2, 3). Denote τ =
√
2
5 D/ χ for some
g ∈ C, and assume that b2,3(χ, τ) = 1.
(1) For every x ∈ M there is a local frame e1, e2, r, f1, f2 ∈ X(U), U a
neighborhood of x, such that on U ,
ker γχ = span(e1, e2), ker γτ = span(f1, f2), (6)
(ker γχ)⊥ ∩ (ker γτ)⊥ = Rr,
g(r, r) = −1, g(ei, r) = 0, g(fi, r) = 0, g(ei, fj) = δij , (7)
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and
1
2
e1 · e2 · τ = χ, 1
2
f1 · f2 · χ = τ. (8)
This implies that
r · χ = χ, r · τ = τ, f1 · χ = −e2 · τ, f2 · χ = e1 · τ. (9)
(2) For ξ ∈ X(M) arbitrary and η ∈ ker γχ ⊂ X(M), one has
b2,3(ξ · χ, τ) = −g(ξ, r), (10)
b2,3(ξ · χ, η · τ) = −2g(ξ, η). (11)
Proof. (1) Let y ∈M be arbitrary. We claim that ker γχ(y) and ker γτ(y)
have transversal (2-dimensional) kernels under Clifford multiplica-
tion: assume that there exists some 0 6= ξ ∈ ker γχ(y) ∩ ker γτ(y).
Then we can take some isotropic η with g(ξ, η) = 1, and then
0 = b2,3(ξ·χ, η·τ) = b2,3(η·ξ·χ, τ) = −2b2,3(χ, τ), which contradicts
the assumption. Therefore we can take local sections e1, e2 and f1, f2
on some neighborhood U of x ∈ M which are linearly independent
at all points in U and span the kernels of χ resp. τ under Clifford
multiplication. It is clear how to choose r ∈ X(U) then and that we
can achieve (6),(7). The additional freedom αe1,
1
α
f1, α ∈ R∗ allows
us to obtain (8), and (6)-(8) automatically imply (9).
(2) To see (10), note that
b2,3(ξ · χ, τ) = b2,3(ξ · χ, r · τ) =
= b2,3(r · ξ · χ, τ) = −2− b2,3(ξ · χ, τ).
Now to (11): Let η ∈ ker γχ. If ξ = ei, i = 1, 2 the equation holds,
since ξ · χ = 0 and g(ξ, η) = 0. If ξ = r, then ξ · χ = χ, and by (5)
and (7) the equation holds. If ξ = fi, i = 1, 2, then
b2,3(ξ · χ, η · τ) = b2,3((ξ + η) · χ, (ξ + η) · τ) =
= b2,3((ξ + η) · (ξ + η) · χ, τ) = −2g(ξ, η).

The genericity of a twistor spinor χ ∈ Γ(S[12 ]) carries over to the induced
distribution Dχ := ker γχ. To make this precise, we first define, for two
subbundles D1 ⊂ TM and D2 ⊂ TM ,
[D1,D2]x := span({[ξ, η]x : ξ ∈ Γ(D1), η ∈ Γ(D2)}). (12)
Definition 2.5. A smooth rank 2 subbundle D of the tangent bundle TM
of a 5-manifold M is called a generic 2 distribution if D1 := [D,D] ⊂ TM
is of constant rank 3 and [D,D1] is already TM .
Employing Proposition 2.4 we can show
Proposition 2.6. Let (M, C, χ) be a conformal spin structure of signature
(2, 3) with a generic twistor spinor χ. Then Dχ = ker γχ is a generic rank
2 distribution on M .
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Proof. Abbreviate τ =
√
2
5 D/ χ. Then D/ χ = − 1√2τ . Choose a local frame
e1, e2, r, f1, f2 in some neighborhood U ⊂ M with the properties (6)-(8).
Then e2 ·χ = 0, and therefore also b2,3(e2 ·χ, τ) = 0. A differentiation gives
b2,3(De1e2) · χ, τ)−
1√
2
b2,3(e2 · e1 · τ, τ) = 0
and via (8) we see
b2,3(De1e2 · χ, τ) = −
√
2, b2,3(De2e1 · χ, τ) =
√
2. (13)
It is also easily seen that
b2,3(De1e1 · χ, τ) = b2,3(De2e2 · χ, τ) = 0, (14)
which will be needed below. Alternating e1, e2 in (13) shows b2,3([e1, e2] ·
χ, τ) = −2√2, but since b2,3([e1, e2]·χ, τ) = −g([e1, e2], r), we have g([e1, e2], r) =
2
√
2. A similar calculation gives that for all η ∈ Γ(ker γχ) one has g([e1, e2], η) =
0, and thus [e1, e2] ∈ Γ(ker γχ), and then [e1, e2]/D = −
√
2r/D.
Starting with the equation b2,3(r · χ, η · τ) = 0 for η ∈ Γ(ker γχ) and
differentiating in direction ξ ∈ Γ(ker γχ) one obtains
b2,3(Dξr · χ, η · τ)− 1√
2
b2,3(r · ξ · τ, η · τ) + b2,3(χ,Dξη · χ) = 0.
Reversing the roles of r and ξ gives
b2,3(Drξ · χ, η · τ)− 1√
2
b2,3(ξ · r · τ, η · τ) = 0.
One has, since b2,3 is skew and satisfies (5), b2,3(r · ξ · τ, η · τ) = b2,3(ξ · r ·
τ, η · τ) = 0. Therefore a subtraction yields
b2,3([ξ, r] · χ, η · τ) = −b2,3(Dξη · χ, τ).
Employing (11), (13) and (14) then gives
g([e1, r], e1) = 0, g([e1, r], e2) =
1√
2
,
and thus [e1, r]/D1 = 1√2f2/D1, and similarly [e2, r]/D1 = −
1√
2
f1/D1. 
We now calculate the holonomy reduction implied by the existence of a
generic twistor spinor on a conformal spin structure of signature (2, 3).
Theorem 2.7. Let (M, C) be a conformal spin structure of signature (2, 3)
with its real 4 dimensional, conformally weighted spin bundle S[12 ], which is
endowed with its skew-form b2,3.
Then Hol(C) ⊂ G2 ⊂ Spin(3, 4) if and only if there exists a twistor spinor
χ ∈ Γ(S[12 ]) with b2,3(χ,D/ χ) 6= 0.
Here, and throughout this text, G2 will always refer to the connected Lie
group with fundamental group Z2 that has Lie algebra g2, the split real form
of the exceptional complex Lie group gC2 .
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By Proposition 2.2 and the definition of conformal holonomy 3, to see
Theorem 2.7, we only need that the stabilizer in Spin(3, 4) of an element
X =
(
τ
χ
)
∈ ∆3,4 with the property that b2,3(χ, τ) 6= 0 is indeed G2. This is
the content of the next subsection.
2.3.1. Algebraic background on G2 →֒ Spin(3, 4). Recall that we have fixed
some signature (2, 3)-bilinear form g2,3 on R
5, and we write R2,3 = (R5, g2,3).
Let us extend this form orthogonally to a form h3,4 on R
7 by introducing
two new directions e+ and e− and defining h3,4 = 2(de+)(de−) + g2,3. The
vectors e+, e− ∈ R3,4 = (R7, h3,4) are isotropic, and R2,3 →֒ R3,4 is the
orthogonal complement to the subspace of R3,4 spanned by e+ and e−.
We have ∆3,4 =
(
∆2,3
∆2,3
)
, where an element v = σe− ⊕ ξ ⊕ ρe+ ∈ Re− ⊕
R2,3 ⊕ Re+ = R3,4 acts on X =
(
τ
χ
)
by v ·X =
(−ξ · τ −√2ρχ
ξ · χ+√2στ
)
. ∆3,4 is
endowed with the canonical signature (4, 4) symmetric bilinear form B3,4,
defined by
B3,4(
(
τ
χ
)
,
(
τ ′
χ′
)
) = b2,3(χ, τ
′) + b2,3(χ′, τ), (15)
and with respect to B3,4 an element X =
(
τ
χ
)
is evidently non-null if and
only if b2,3(χ, τ) 6= 0.
Proposition 2.8. Let X =
(
τ
χ
)
∈ ∆3,4 be such that b2,3(χ, τ) = 1.
(1) There exists a basis e1, e2, r, f1, f2 of R
2,3 ⊂ R3,4 with the properties
(6)-(9).
(2) The isotropy algebra g2 := so(3, 4)X is the split real form of g
C
2 . It
carries a grading, more precisely, it is the direct sum g−3 ⊕ g−2 ⊕
g0 ⊕ g1 ⊕ g2 ⊕ g3, where the individual components are spanned by
the following elements: (i = 1, 2)
g−3 = span(e− ∧ fi),
g−2 = span(e− ∧ r − 1√
2
f1 ∧ f2),
g−1 = span(e− ∧ ei +
√
2r ∧ ieif1 ∧ f2),
g0 = span(e1 ∧ f2, e2 ∧ f1, ei ∧ fi + e+ ∧ e−),
g1 = span(e+ ∧ fi −
√
2rifie1 ∧ e2),
g2 = span(e+ ∧ r + 1√
2
e1 ∧ e2),
g3 = span(e+ ∧ ei).
The sum p = g0 ⊕ g1 ⊕ g2 ⊕ g3 forms a parabolic subalgebra.
THE TWISTOR SPINORS OF GENERIC 2- AND 3-DISTRIBUTIONS 9
(3) Spin(3, 4)X = G2.
(4) The restriction of the standard representation of Spin(3, 4) on R3,4 to
G2 is the irreducible standard representation of G2. The restriction
of the spin representation of Spin(3, 4) on ∆3,4 to G2 splits into one
copy of the standard representation and R.
Proof. (1) is done as in Proposition 2.4, and (2) is checked directly.
To see (3): It follows from the Proposition that the isotropy subgroup ofX in
Spin(3, 4) is a closed subgroup with Lie algebra g2. One can verify that it is
the connected subgroup with fundamental group Z2: The action of Spin(3, 4)
on the space of all spinors of a fixed norm B3,4(X,X) is transitive, since the
orbit on any non-null spinor must be open by Proposition 2.8 and dimension
count. To see that G2 := Spin(3, 4)X is connected and has fundamental
group Z2 is then a standard argument using the exact homotopy sequence
for the action.
(4) is seen easily on the Lie algebra level, and carries over to the connected
groups. 
This is an alternative and more detailed description of G2 ⊂ Spin(3, 4) of
[Kat99].
2.4. Conformal spin structures of signature (3, 3). This section runs
closely parallel to the case of signature (2, 3) in section 2.3, and is therefore
done succintly.
Let g3,3 be some signature (3, 3)-form on R
6, which is then written R3,3.
Let ∆3,3 be the real, 8-dimensional spin representation of Spin(3, 3) =
Spin(g3,3). Then ∆
3,3 = ∆3,3+ ⊕∆3,3− and the Clifford multiplication is written
R
3,3 ⊗∆3,3± → ∆3,3∓ , ξ ⊗ χ 7→ ξ · χ.
The canonical pairing b3,3 (cf. e.g. [KS09]) of ∆
3,3
+ and ∆
3,3
− satisfies
b3,3(χ, ξ · η) + b3,3(η, ξ · χ) = 0
for all ξ ∈ R3,3, χ, η ∈ ∆3,3± . It follows in particular that b3,3 is invariant
under Spin(3, 3), and this realizes the isomorphism Spin(3, 3) ∼= SL(4,R).
The corresponding skew-symmetric pairing to b3,3 on the CSpin(3, 3)-
associated spin bundles is denoted b3,3 ∈ Γ(S∗+ ⊗ S∗−[−1]).
Definition 2.9. A positive twistor spinor χ ∈ Γ(S+[12) is called generic if
it satisfies b3,3(χ,D/ χ) 6= 0.
Similarly to Proposition 2.4 one shows
Proposition 2.10. Let χ ∈ Γ(S+[12 ]) be a positive generic twistor spinor
on a conformal spin structure (M, C) of signature (3, 3). Denote τ =
√
2
6 D/ χ
for some g ∈ C, and assume that b3,3(χ, τ) = 1.
10 MATTHIAS HAMMERL AND KATJA SAGERSCHNIG
(1) For every x ∈ M there is a local frame e1, e2, e3, f1, f2, f3 ∈ X(U),
U a neighborhood of x, such that on U ,
ker γχ =(e1, e2, e3), ker γτ =(f1, f2, f3), (16)
g(ei, fj) = δij , (17)
and
e1 · e2 · e3 · τ = χ, f1 · f2 · f3 · χ = τ. (18)
(2) For ξ ∈ X(M) arbitrary and η ∈ ker γχ ⊂ X(M), one has
b3,3(ξ · χ, η · τ) = −2g(ξ, η).
Definition 2.11. A generic rank 3 distribution on a 6-manifold M is a
smooth rank 3 subbundle D of TM with [D,D] = TM .
An analogous proof to Proposition 2.6 gives
Proposition 2.12. Let (M, C, χ) be a conformal spin structure of signature
(3, 3) with a positive generic twistor spinor χ. Then Dχ = ker γχ is a generic
rank 3 distribution on M .
We now discuss the conformal holonomy discussion induced by a generic
twistor spinor in signature (3, 3):
Theorem 2.13. Let (M, [g]) be a conformal spin structure of signature (3, 3)
with its real 8 dimensional conformally weighted spin bundle S[12 ] = S+[
1
2 ]⊕
S−[12 ]; there is a canonical non-degenerate pairing b3,3 : S+[
1
2 ]⊗S−[12 ]→ R.
Then Hol([g]) ⊂ Spin(3, 4) if and only if there exists a generic twistor
spinor χ ∈ Γ(S+[12 ]), i.e., b3,3(χ,D/ χ) 6= 0.
Proof. For this, we compute, analogously to the case of signature (2, 3)
above, the stabilizer in Spin(4, 4) of an element X =
(
τ
χ
)
∈ ∆4,4 with
the property that b3,3(χ, τ) 6= 0. It is easy to see (cf. formula (19) below)
that the invariant Spin(3, 3)-invariant form b3,3 can be used to define the
canonical Spin(4, 4)-invariant form b4,4 on ∆
4,4. Via triality, this is equiva-
lent to the standard signature (4, 4)-inner product h4,4 on R
8, which is the
standard representation of Spin(4, 4). Since the stabilizer of a non-null ele-
ment in the standard representation of Spin(4, 4) is a standard embedding
of Spin(3, 4) into Spin(4, 4), the stabilizer of a non-null X ∈ ∆4,4 as above
is just such a standard embedding composed with a triality automorphism
of Spin(4, 4). 
Although not strictly necessary for the computation of the conformal holo-
nomy in this signature, it will be useful to discuss the embedding Spin(3, 4) →֒
Spin(4, 4) as the stabilizer of a non-nullX ∈ ∆4,4 also directly again; this will
provide us with an explicit form of the stabilizing Lie algebra in a canonical
basis that will be useful in the next section.
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2.4.1. Spin(3, 4) →֒ Spin(4, 4). We have the 8-dimensional Clifford represen-
tation ∆3,3 of R3,3 = (R6, g3,3) that splits into ∆
3,3
+ ⊕∆3,3− under Spin(3, 3) ∼=
SL(4).
Let h4,4 be the signature (4, 4) symmetric bilinear form h4,4 = 2(de+)(de−)+
g3,3 on R
8 = Re+ ⊕ R3,3 ⊕ Re−. The Clifford representation of R4,4 =
(R8, h4,4) is defined on ∆
4,4
± := ∆
3,3
± ⊕∆3,3∓ via
R
4,4 ⊗∆4,4± → ∆4,4∓ ,

ρξ
σ

 ·(τ
χ
)
=
(−ξ · τ −√2ρχ
ξ · χ+√2στ
)
.
The Clifford-invariant symmetric split signature (4, 4)-form B4,4, is defined
on ∆4,4+ and ∆
4,4
− by
B4,4(
(
τ
χ
)
,
(
τ ′
χ′
)
) = b3,3(χ, τ
′) + b3,3(χ′, τ). (19)
Using this one shows
Proposition 2.14. Let X =
(
τ
χ
)
∈ ∆4,4+ be such that b3,3(χ, τ) = 1.
(1) There exists a basis e1, e2, e3, f1, f2, f3 of R
3,3 such that (16)-(18)
hold.
(2) The isotropy algebra g := so(4, 4)X is a realization of so(3, 4). It is
graded as g−2 ⊕ g−1 ⊕ g0 ⊕ g1 ⊕ g2, where, with i = 1, 2, 3,
g−2 = span(e− ∧ fi)
g−1 = span(e− ∧ ei −
√
2ieif1 ∧ f2 ∧ f3)
g0 = span(ei ∧ fj, for, i 6= j and ei ∧ fi + e+ ∧ e−)
g1 = span(e+ ∧ fi −
√
2ifie1 ∧ e2 ∧ e3)
g2 = span(e+ ∧ ei).
The subspace p = g0 ⊕ g1 ⊕ g2 forms a parabolic subalgebra.
(3) Spin(4, 4)X = Spin(3, 4).
(4) The restriction of the standard representation of Spin(4, 4) to Spin(3, 4)
is the spin representation ∆3,4, as is the restriction of the negative
spin representation of Spin(4, 4). The restriction of the positive spin
representation of Spin(4, 4) to Spin(3, 4) decomposes into a copy of
∆3,4 and R.
3. Conformal spin structures associated to generic 2 and 3
distributions.
3.1. Generic distributions and conformal spin structures as para-
bolic geometries. Let G be a Lie group and P ⊂ G a closed subgroup,
denote by g and p the respective Lie algebras. A Cartan geometry (see e.g.
[Sha97]) of type (G,P ) is given by a principal bundle G → M with struc-
ture group P and a Cartan connection ω ∈ Ω1(G, g), this is a P -equivariant
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1-form that reproduces generators of fundamental vector fields and defines
isomorphisms ωu : TuG → g for each u ∈ G. The basic example of a Car-
tan geometry of type (G,P ) is the homogeneous model, i.e., the bundle
p : G → G/P equipped with the Maurer Cartan form. The curvature
κ ∈ Ω2(G, g) of a Cartan geometry, defined as
κ(ξ, η) = dω(ξ, η) + [ω(ξ), ω(η)] for ξ, η ∈ X(G)
is a complete obstruction to local equivalence with the homogeneous model.
The curvature can equivalently be described as a P -equivariant function
G → Λ2(g/p)∗ ⊗ g and we will often take this point of view.
Parabolic geometries are Cartan geometries of type (G,P ) for a semisim-
ple Lie group G and a parabolic subgroup P ⊂ G. There is by now an big
amount of general theory available for geometries of this type, cf. [CˇS09].
One of the main reasons for their special importance is that they allow
uniform Lie algebraic regularity and normality conditions on the Cartan
curvature. Assuming regularity a parabolic geometry determines a certain
underlying structure, called a regular infinitesimal flag structure. If the
parabolic geometry is also normal it is uniquely determined by its underly-
ing structure, and one obtains an equivalence of categories in this case (cf.
[CˇS09] for the general statement and earlier versions for particular geome-
tries.).
To describe the underlying structures note that every parabolic subalge-
bra p of a semisimple Lie algebra g determines a grading of the Lie algebra
g = g−k ⊕ · · · ⊕ g−1 ⊕ g0 ⊕ g1 ⊕ · · · ⊕ gk (20)
such that [gi, gj ] ⊂ gi+j, the negative part g− = g−1 ⊕ · · · ⊕ gk is generated
by g−1 and p = g0 ⊕ g1 ⊕ · · · ⊕ gk. The positive part p+ = g1 ⊕ · · · ⊕ gk
is then a nilpotent ideal in p, and g0 a reductive subalgebra. The natural
action of the corresponding subgroup G0 preserves the grading on g, while
the parabolic P only preserves filtration induced by the grading.
For a parabolic geometry of type (G,P ) this Lie algebra filtration induces
a filtration of the tangent bundle and, assuming regularity, also some ad-
ditional structure: Let T−1M ⊂ · · · ⊂ T−kM = TM be a filtration of the
tangent bundle by subbundles that is compatible with forming Lie brack-
ets. Then the Lie bracket induces a tensorial bracket called Levi bracket
L : gr(TM) × gr(TM) → gr(TM) on the associated graded gr(TM) =⊕
i T
iM/T i+1M . Suppose (gr(TM),L) is a bundle of Lie algebras mod-
elled on the graded Lie algebra g− and consider the natural frame bundle P
for gr(TM) with structure group the automorphisms Autgr(g−) of g− that
preserve the grading. A regular infinitesimal flag structure of type (G,P )
consists of such a filtration and a reduction of structure group of the bundle
P with respect to Ad : G0 → Autgr(g−).
3.1.1. Generic rank two distributions in dimension five. Suppose D is a
generic rank 2-distribution on a 5-manifold, as defined via (12) and Def-
inition 2.5. Defining T−1M = D, T−2M = [D,D] and T−3M = TM
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yields a filtered manifold, such that the Levi bracket defines isomorphisms
Λ2T−1M → T−2M/T−1M and T−1M ⊗ T−2M/T−1M → T−3M/T−2M.
In particular, Autgr(g−) ∼= GL(2,R) and the frame bundle for gr(TM) can
be identified with the frame bundle for the distribution. A reduction of this
frame bundle to GL+(2,R) is the same as an orientation of the distribution.
Now let G2 be the connected Lie group with Lie algebra the split real
form of the simple complex exceptional Lie algebra gC2 and with fundamental
group Z2. A grading of g2 corresponding to a maximal parabolic subalgebra
p was introduced in Proposition 2.8. It is easy to see that (gr(TM),L) from
above is modelled on the negative part g− of that grading. Thus, for a
parabolic subgroup P ⊂ G2 with Lie algebra p, a regular infinitesimal flag
structure of type (G2, P ) is the same as a reduction of the frame bundle
of a generic 2-distribution D to the structure group G0. The usual choice
for the parabolic is to define it as the stabilizer P ′ of the line through the
highest weight vector v in the 7-dimensional fundamental representation of
G2. In that case the reductive subgroup G
′
0
∼= GL(2,R), and the regular
infinitesimal flag structure is just a generic rank 2 distribution. However, in
the context of this paper we will use the connected parabolic subgroup P ,
i.e., the stabilizer of the ray R+v through the highest weight vector. Then
G0 is isomorphic to the group GL+(2,R), and a regular infinitesimal flag
structure encodes an oriented distribution. Thus, the equivalence result for
parabolic geometries implies:
Proposition 3.1. With the above choice of Lie groups, there is an equiv-
alence of categories between regular, normal parabolic geometries of type
(G2, P ) and oriented generic rank 2 distributions on 5-manifolds
3.1.2. Generic rank three distributions in dimension six. Now suppose D
is a generic rank 3-distributions on a 6-manifold, i.e., values of sections
ξ, η ∈ Γ(D) and their Lie brackets [ξ, η] span the tangent bundle TM , recall
(12) and Definition 2.11. Then the distribution gives rise to the filtration
T−1M = D ⊂ T−2M = TM such that the Levi bracket L : Λ2T−1M →
TM/T−1M is an isomorphism.
In this case there is a grading of so(3, 4) corresponding to a parabolic p,
described explicitly in Proposition 2.14, such that in every point the graded
Lie algebra (gr(TxM),Lx) is isomorphic to g−. Now consider as a group
with Lie algebra p the parabolic subgroup P ⊂ Spin(3, 4) defined as the
stabilizer of a ray through a highest weight vector in the real spinor repre-
sentation ∆3,4. Then P does not contain the element −1 acting as minus
the identity on the spin representation, and one easily verifies that P is con-
nected. It follows that the 2-fold covering Spin(3, 4) → SO0(3, 4) restricts
to a diffeomorphism from P onto the connected component of the parabolic
P ′ ⊂ SO0(3, 4) defined as the stabilizer of an isotropic 3-dimensional sub-
space of R3,4. In particular, the Levi subgroup G0 ⊂ P ⊂ Spin(3, 4) is seen
to be GL+(3,R). Thus, invoking the general theory yields:
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Proposition 3.2. With the above choice of Lie groups, there is an equiv-
alence of categories between regular, normal parabolic geometries of type
(SO(3, 4), P ) and oriented generic rank 3 distributions on 6-manifolds
3.1.3. Conformal spin structures. A conformal spin structure (see section
2.1) can be equivalently described as a normal parabolic geometry of type
(Spin(p+ 1, q + 1), P˜ ), where P˜ is the stabilizer of a positive ray through a
null-vector in Rp+1,q+1. For this choice of groups the parabolic subgroup P˜
is connected and the reductive subgroup G˜0 ⊂ P˜ is precisely CSpin(p, q).
We remark that in this case the Cartan structure bundle G˜ → M can
be realized as the adapted frame bundle of the standard tractor bundle
T introduced in section 2.1.1; i.e., it is the frame bundle of (T ,h) that
additionally satisfies the canonical filtration of T , cf. [CˇG08]. Conversely,
the standard tractor bundle is the associated bundle T = G˜ ×P˜ Rp+1,q+1.
3.1.4. Tractor bundles. More generally, there are associated vector bundles
carrying canonical linear connections for all types of parabolic geometries:
Suppose (G, ω) is a regular, normal parabolic geometry of type (G,P ).
Given a G-representation V, one can form the associated bundle V = G×PV.
Such a vector bundle is called a tractor bundle. Let G′ := G ×P G be the
extended Cartan bundle, which is now aG-principal bundle overM . Then we
can extend ω canonically in an equivariant way to the extended G-principal
bundle connection form ω′ ∈ Ω1(G′, g). Since V = G×PV can also be written
as G′ ×G V, we see that ω′ induces a linear connection on V, which is the
normal tractor connection ∇V , cf. eg. [CˇG02].
3.2. The Fefferman-type constructions D  CD. We prove that to any
oriented generic rank 2 distribution on a 5 manifold, and to any oriented
rank 3 distribution on a 6 manifold there is an associated conformal spin
structure. This is done via a Fefferman-type construction in the sense on A.
Cˇap.
3.2.1. Fefferman-type constructions over the same manifold. Consider an
inclusion of simple Lie groups G →֒ G˜, and parabolic subgroups P˜ ⊂ G˜,
P = P˜ ∩ G, and suppose the inclusion induces a diffeomorphism of the
corresponding homogeneous spaces
G/P ∼= G˜/P˜ .
Then there is a is a functorial construction, see [Cˇap06], associating to a par-
abolic geometry (G, ω) of type (G,P ) a parabolic geometry of type (G˜, P˜ ):
First one extends the Cartan bundle to a P˜ -principal bundle
G˜ = G ×P P˜ ,
and then one shows that there is a unique extension of ω to a Cartan con-
nection ω˜ ∈ Ω1(G˜, g˜) on G˜.
It is shown in [DS08] that there is a very limited number of Lie group
data that give rise to such a Fefferman-type construction over the same base
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manifold; indeed, there are only three families of such constructions. We
discuss the two constructions that give rise to conformal structures. In fact,
assuming orientability of the distributions, we will see that we get induced
conformal spin structures.
3.2.2. The Fefferman-type construction G2 →֒ Spin(3, 4). Let P ⊂ G2 and
P˜ ⊂ Spin(3, 4) be the parabolic subgroups from 3.1.1 and 3.1.3, i.e., the
subgroups defined as the stabilizer of a positive ray through a null-vector
in R3,4. Then P = P˜ ∩ G2. Since G2/P and Spin(3, 4)/P˜ are compact,
connected and have the same dimension, the homogeneous spaces are indeed
diffeomorphic: we have
G2/P ∼= Spin(3, 4)/P˜ ∼= S2 × S3.
The functorial construction discussed above thus assigns to a parabolic ge-
ometry (G, ω) of type (G2, P ) a parabolic geometry (G˜, ω˜) of type (Spin(3, 4), P ).
Proposition 3.3. An oriented generic rank 2-distribution on a 5-manifold
M naturally induces a conformal spin structure of signature (2, 3) on M .
3.2.3. The Fefferman-type construction Spin(3, 4) →֒ Spin(4, 4). Let P˜ ⊂
Spin(4, 4) be the parabolic subgroup defined as the stabilizer of the positive
ray through a null-vector in R4,4. Then, since as a Spin(3, 4) representation
R
4,4 = ∆3,4, the intersection P = P˜ ∩ Spin(3, 4) is precisely the parabolic
introduced in 3.2.2. Using again that generalized flag manifolds are compact
and counting dimensions one obtains
Spin(3, 4)/P ∼= Spin(4, 4)/P˜ ∼= S3 × S3.
Thus, the Fefferman-type construction associates to a parabolic geometry
of type (Spin(3, 4), P ) a parabolic geometry of type (Spin(4, 4), P˜ ).
Proposition 3.4. An oriented generic rank 3-distribution on a 6-manifold
naturally induces a conformal spin structure of signature (3, 3) on the man-
ifold.
3.2.4. Normality of the induced parabolic geometry. For parabolic geome-
tries there is a uniform algebraic normalization condition, defined in terms
of the P -equivariant Kostant codifferential
∂∗ : Λ2(g/p)∗ ⊗ g→ (g/p)∗ ⊗ g
given on decomposable elements as
∂∗(X ∧ Y ⊗ Z) = X ⊗ [Y,Z]− Y ⊗ [X,Z]− [X,Y ]⊗ Z.
A parabolic geometry (G → M,ω) of type (G,P ) is called normal if its
curvature function κ : G → Λ2(g/p)∗ ⊗ g satisfies ∂∗ ◦ κ = 0. The curvature
of a normal parabolic geometry projects to a simpler curvature quantity,
the harmonic curvature κH . The harmonic curvature takes values in a G0-
submodule that is explicitly computable via Kostant’s version of the Bott-
Borel-Weil theorem [Kos61].
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For applications it will be essential that the conformal parabolic geome-
tries attached to generic distributions are normal. To verify compatibility
of a Fefferman-type construction with normality is in general a non-trivial
problem. Suppose ω˜ is the extension to G˜ = G ×P P˜ of a regular, nor-
mal Cartan connection form ω. Let I : Λ2(g/p)∗ ⊗ g → Λ2(g˜/p˜)∗ ⊗ g˜ be
the induced map from the inclusion g →֒ g˜. Then the curvature functions
κ : G → Λ2(g/p)∗ ⊗ g of ω and κ˜ : G˜ → Λ2(g˜/p˜)∗ ⊗ g˜ of ω˜ are related by
κ˜(u) = I ◦ κ(u) (21)
for all u ∈ G, and this determines κ˜ by equivariance, see [CˇZˇ09]. We now ask
is whether the parabolic geometry (G˜, ω˜) is normal, i.e., whether ∂˜∗ ◦ κ˜ = 0.
By (21) we can rephrase this as to whether κ takes values in the (G ∩ P˜ )-
submodule I−1(ker(∂˜∗)) ⊂ Λ2(g˜/p˜)∗ ⊗ g˜.
For Fefferman-type constructions over the same manifold, i.e., in those
cases where P = (G∩ P˜ ), this problem can be considerably simplified if one
uses the following strong result:
Proposition 3.5 ([Cˇap05]). Suppose E ⊂ ker(∂∗) ⊂ Λ2(g/p)∗ ⊗ g is a P -
submodule and consider the G0-module E0 := E ∩ ker(). Let (G → M,ω)
be a regular, normal parabolic geometry, which is furthermore torsion-free.
Then, if the harmonic curvature κH takes values in E0 the curvature function
κ takes values in E.
3.2.5. Normality for Spin(3, 4) →֒ Spin(4, 4). The harmonic curvature κH
of a regular, normal parabolic geometry of type (Spin(3, 4), P ) takes val-
ues in an irreducible 27-dimensional G0 = GL+(3,R)-subrepresentation of
Λ2(g/p)∗ ⊗ g0. This implies that the geometry is torsion-free, and we may
apply the above result to prove:
Proposition 3.6. The Fefferman-type construction associates to a regular,
normal parabolic geometry of type (Spin(3, 4), P ) a normal parabolic geom-
etry of type (Spin(4, 4), P˜ ).
Proof. Let ∂˜∗ : Λ2p˜+ ⊗ g˜ → p˜+ ⊗ g˜ be the Kostant codifferential describing
the conformal normalization condition. Since a regular, normal parabolic
geometry of type (Spin(3, 4), P ) is torsion-free, we can apply Proposition
3.5, which shows that to prove normality of ω it suffices to prove that κH
takes values in the P -module ker(∂˜∗ ◦ I).
Now ∂˜∗ ◦ I is equivariant and thus it either vanishes on G0-irreducible
components, or it is an isomorphism. In particular, it must contain the
27-dimensional irreducible representation where κH takes its values either
in its image or in its kernel. The formula for the Kostant codifferential ∂˜∗
shows that if we restrict ∂˜∗ ◦I to Λ2(g/p)∗⊗g0 and identify (g˜/p˜)∗ ∼= p˜+, its
image is contained in p˜+ ⊗ p˜+. But p˜+ decomposes as a G0-representation
as (R3)∗ ⊕Λ2(R3)∗, and therefore p˜+ ⊗ p˜+ cannot contain a 27-dimensional
irreducible summand. 
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3.2.6. Normality for G2 →֒ Spin(3, 4). We used similar arguments in [HS09]
to prove that the extension of a regular, normal Cartan connection ω of
type (G2, P ) to a Cartan connection ω˜ of type (SO(3, 4), P˜ ) is again normal.
Note that the arguments in the proof do not depend on the choice of groups
(Spin(3, 4), P˜ ) or (SO(3, 4), P˜ ), respectively.
Proposition 3.7. The Fefferman-type construction associates to a regular,
normal parabolic geometry of type (G2, P ) a normal parabolic geometry of
type (Spin(3, 4), P˜ ).
3.2.7. The twistor spinors of generic 2 and 3 distributions.
Theorem 3.8. The Fefferman-type constructions 3.2.2 and 3.2.3 for generic
2 and 3 distributions determine generic twistor spinors. The kernels of these
twistor spinors recover the 2 or 3 distribution.
Proof. Let D be a generic rank 2 or 3 distribution, (G, ω) the associated
parabolic geometry of type (G,P ) and (G˜, ω˜) the conformal spin geometry
obtained via the Fefferman-type construction. Then the spin tractor bundle
of C is, for (p, q) = (2, 3) resp. (3, 4),
S = G˜ ×P˜ ∆p+1,q+1 = G ×P ∆p+1,q+1. (22)
Since G ⊂ Spin(p+ 1, q + 1) is the isotropy subgroup of a non-null element,
say X ∈ ∆p+1,q+1, the constant function G → ∆p+1,q+1 onto this element
defines a spin-tractor X ∈ Γ(S). Propositions 3.7 and 3.6 imply that the
spin tractor connection ∇S is induced from the canonical Cartan connection
ω ∈ Ω1(G, g) for the distribution D. Thus, ∇SX = 0. By Proposition 2.2,
X corresponds via the map (4) to a twistor spinor χ. Since X is non-null
for the bilinear form on ∆p+1,q+1, the corresponding spinor tractor is non-
null for the induced form on the tractor bundle. By (15) resp. (19) this
is equivalent to b3,4(χ,D/ χ) 6= 0 resp. b4,4(χ,D/ χ) 6= 0 for the underlying
twistor spinor, and thus χ is generic.
Moreover χ has kernel D. This follows from the fact that via the identifi-
cation TM ∼= G ×P g/p determined by the Cartan connection ω ∈ Ω1(G, g),
the distribution corresponds to the subbundle G ×P g−1/p, and from the
descriptions of the gradings from Propositions 2.8 and 2.14. 
Note that it is not obvious that the map that assigns to a generic twistor
spinor its kernel and the map 3.2.7 from distributions to twistor spinors
coming from Fefferman-type constructions discussed above are inverse bi-
jections: a priori we don’t know that all generic twistor spinors in the right
signatures are induced from generic distributions. In order to obtain a char-
acterization of the conformal spin structures associated to generic rank 2
and 3 distributions by generic twistor spinors we will invoke the holonomy
characterizations to be discussed below.
3.3. Conformal holonomy characterization of the Fefferman-type
spaces.
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3.3.1. Holonomy of the conformal structures associated to generic 2 and 3
distributions. We have seen in Proposition 3.8 that the conformal spin struc-
tures induced by generic distributions carry parallel spin-tractors. Thus,
they have reduced conformal holonomy: Conformal spin structures associ-
ated to oriented generic rank 2-distributions in dimension 5 have conformal
holonomy contained in G2 ⊂ Spin(3, 4), and conformal spin structures asso-
ciated to oriented generic rank 3-distributions in dimension 6 have conformal
holonomy contained in Spin(3, 4) ⊂ Spin(4, 4).
Let (G˜, ω˜) be a regular, normal parabolic geometry of type (Spin(p, q), P )
encoding a conformal structure C on M . Then Hol(C) was defined in Defi-
nition 2.1 as the holonomy of the spin tractor connection ∇S . Since ∇S
is the induced connection from the extended normal Cartan connection
ω˜′ ∈ Ω1(G˜, so(p + 1, q + 1)) (cf. subsection 3.1.4), we have that Hol(C) =
Hol(∇S) = Hol(ω˜′) ⊂ Spin(p+1, q+1). It will be useful for our purposeses of
reversing the Fefferman-type constructions from above to see the conformal
holonomy reductions from this viewpoint:
Suppose (G, ω) is a regular normal parabolic geometry of type (G,P ), and
suppose there is a Fefferman-type construction that gives rise to a normal
parabolic geometry (G˜, ω˜) of type (Spin(p+1, q+1), P˜ ) over the same man-
ifold. Let G′ = G ×P G be the extended G-principal bundle of G and ω′ the
principal connection obtained by extension. Then we have the commuting
diagram of inclusions
(G′, ω′)   // (G˜′, ω˜′)
(G, ω)?

OO
  // (G˜, ω˜)
?
OO
which shows that ω˜′ ∈ Ω1(G˜′, so(p + 1, q + 1)) reduces to the G-principal
bundle connection ω′ ∈ Ω1(G′, g) and thus Hol(C) = Hol(ω˜′) = Hol(ω′) ⊂ G.
3.3.2. Holonomy characterizations. Conversely, let (G˜, ω˜) be a parabolic ge-
ometry of type (Spin(p + 1, q + 1), P˜ ) such that the conformal holonomy
group Hol(ω˜′) is contained in G and suppose we have a parabolic subgroup
P ⊂ G with G/P ∼= Spin(p + 1, q + 1)/P˜ . Then, since we have a holo-
nomy reduction, G˜′ reduces to a G-principal bundle G′ and ω˜′ reduces to
ω′ ∈ Ω1(G′, g). Using that G/P ∼= Spin(p + 1, q + 1)/P˜ , one can show that
G′ intersects with G˜ in a P -principal bundle G and ω′ restricts to a Cartan
connection ω ∈ Ω1(G, g). See [Ham09] and [HS09] for details.
A normal conformal Cartan connection ω˜ is torsion-free, i.e. the curvature
function κ˜ : G˜ → Λ2(g˜/p˜)∗⊗ g˜ takes values in th P -submodule Λ2(g˜/p˜)∗⊗ p˜.
Since p = p˜ ∩ g and because of the relation of the curvatures of ω and ω˜,
as in (21), this implies that ω is torsion-free and thus regular. This means
that the geometry (G, ω) obtained by reduction as explained in the previous
paragraph induces an underlying generic distribution D.
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It remains to prove that this distribution D induces via the Fefferman-
type construction the conformal structure encoded in (G˜, ω˜). For this we
need to see that ω and the normal Cartan connection ωN for D, which is
a priori different, induce the same conformal structure. Now, the confor-
mal structure induced by a geometry (G, ω) does not depend on the entire
Cartan connection, but only on the isomorphism TM ∼= G ×P g/p defined
by the Cartan connection. If the difference ω − ωN , seen as a function
G → Λ2(g/p)∗ ⊗ g takes values in Λ2(g/p)∗ ⊗ p, then the two induce the
same conformal structure. It is verified in Proposition 4.1 of [Arm07] that
this is the case for generic rank 3-distributions in dimension 6: Since ω is
torsion-free, κ takes values in maps Λ2(g/p)∗⊗ p of homogeneity ≥ 2, where
the homogeneity is defined with respect to the grading of g. Since ∂∗ pre-
serves homogeneities, the same is true for ∂∗κ, and then also the difference
ω − ωN maps into homogeneity ≥ 2, see Proposition 3.1.13 in [CˇS09]. If g
is 2-graded, as it is the case for generic rank 3 distributions, this already
implies that ω − ωN takes values in Λ2(g/p)∗ ⊗ p. For generic rank 2 distri-
butions a similar argument applies if one first directly verifies that a certain
curvature component of κ vanishes, see [Sag08] and [HS09].
Summarizing we obtain:
Theorem 3.9. The Fefferman-type construction for oriented generic rank
2-distributions produces exactly those conformal spin structures of signature
(2, 3) whose conformal holonomy is contained in G2.
Theorem 3.10. The Fefferman-type construction for oriented generic rank
3-distributions produces exactly those conformal spin structures of signature
(3, 3) whose conformal holonomy is contained in Spin(3, 4).
We remark that if Hol(C) ⊂ G is a proper subgroup, there may be several
holonomy reductions yielding different generic distributions.
Corollary 3.11. A conformal spin structure (M, C) of signature (2, 3) or
(3, 3) is induced by a generic 2- resp 3-distribution D ⊂ TM via a Fefferman-
type construction if and only if (M, C) carries a generic twistor spinor χ.
Proof. The result is an immediate corollary of Theorems 3.9 and 3.10: The
general holonomy correspondence between holonomy invariant elements and
parallel sections implies that holonomy reductions toG2 respectively Spin(3, 4)
correspond to the existence of parallel non-null spin tractors. Parallel spin-
tractors are equivalent to twistor spinors via (4), and non-isotropy of the spin
tractor translates into the genericity conditions expressed via the canonical
forms b2,3 resp. b3,3.

Remark 3.1. (1) In particular, we have shown that the conformal struc-
ture C and its generic twistor spinor χ are completely determined by
the generic distribution Dχ = ker γχ.
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(2) The existence of this twistor spinor should have interesting conse-
quences for the ambient metric construction of the associated confor-
mal structures. Indeed, for certain examples of generic 2-distributions
Leistner and Nurowski [LN09] have found a corresponding parallel
spinor on the ambient metric of the (2, 3)-conformal structure.
4. Decompositions of conformal Killing fields
The main result of this section is an explicit decomposition of infinitesimal
conformal automorphisms via a transversal twistor spinor. Furthermore, we
provide formulae relating almost Einsetin structures with a subset of twistor
spinors.
4.1. Infinitesimal automorphisms of conformal spin structures as-
sociated to 2 and 3 distributions. Infinitesimal automorphisms of a con-
formal structure C are conformal Killing fields, i.e., vector fields ξ ∈ X(M)
such that Lξg = fg for some g ∈ C and some f ∈ C∞(M). Infinitesimal
automorphisms of a distribution D are vector fields whose Lie derivatives
preserve the distribution, i.e., ξ ∈ X(M) such that Lξη = [ξ, η] ∈ Γ(D) for
all η ∈ Γ(D).
For the structures we are interested in infinitesimal automorphisms corre-
spond to infinitesimal automorphisms of the associated Cartan geometries.
Our decomposition result is based on a description of infinitesimal automor-
phisms of a Cartan geometry (G, ω) as sections of the adjoint tractor bundle
AM = G ×P g that are parallel with respect to the prolongation connection
∇ˆξs = ∇ξs− κ(ξ,Π(s)), (23)
see [Cˇap08]. Here Π : AM = G ×P g → G ×P g/p = TM is the natural
projection and κ is the curvature of ω viewed as an element of Ω1(M,AM).
Let g ⊂ g˜ be either the inclusion g2 ⊂ so(3, 4), or so(3, 4) ⊂ so(4, 4).
Then, as a representation of G, i.e. G2 or SO(3, 4), we have a decomposition
g˜ = g⊕ R3,4.
It follows that the conformal adjoint tractor bundle
A˜M = G˜ ×P˜ g˜ = G ×P g˜
of a conformal structure associated to a generic distribution decomposes into
AM and a 7-dimensional complementary bundle V = G×P R3,4. The tractor
connection is natural and decomposes accordingly.
Proposition 4.1. Suppose s = s1 + s2 ∈ Γ(A˜M) = Γ(AM) ⊕ Γ(V) is the
decomposition of a conformal adjoint tractor according to the decomposition
of A˜M . Then s is parallel with respect to the infinitesimal automorphism
connection on A˜M if and only if s1 is parallel with respect to the infinitesi-
mal automorphism connection on AM and s2 is parallel with respect to the
tractor connection on V.
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The proof is discussed in detail the G2-case in [HS09], the Spin(3, 4)-
case is completely analogous. Briefly, one uses that the curvature of the
conformal structures associated to such distributions takes indeed values in
AM , see [HS09], and that adjoint tractors in A˜M are parallel for the tractor
connection insert trivially into the curvature, see [Gov06],[HS09].
4.2. Explicit splitting formulas. For the explicit decompositions in sec-
tions 4.3 and 4.4 it will be necessary to collect some explicit differential
splitting formulas, which are particular instances of BGG-splitting operators
[CˇSS01, CD01].
4.2.1. Splittings of conformal Killing fields. We have discussed in section 4.1
that an infinitesimal symmetry of a conformal structure (M, C) is equivalent
to an adjoint tractor s ∈ Γ(A˜M) that is parallel with respect to (23). To
make the relation between the conformal Killing fields ξ ∈ X(M) and the
adjoint tractor s ∈ Γ(A˜M) explicit, one employs the canonical differential
splitting operator LA˜0 , that is given by [Ham08, Ham09]
LA˜0 : X(M)→ Γ(Λ2T ), (24)
ξa 7→


(− 12nDpDpξa + 12nDpDaξp + 1n2DaDpξp
+ 2
n
Ppaξp − 1nJξa
)
D[a0ξa1] | − 1ngpqDpξq
ξa

 . (25)
It follows from ([Cˇap08]) that
Lemma 4.2. ξ ∈ X(M) is a conformal Killing field if and only if LA˜0 (ξ) is
parallel with respect to the connection (23).
We already have interpretations of parallel sections of the spin tractor
bundle as twistor spinors and of parallel sections (with respect to a modified
connection) of the adjoint tractor bundle as conformal Killing fields. We now
recall the interpretation of the parallel sections of the conformal standard
tractor bundle:
4.2.2. The splittings of almost Einstein scales. Let s ∈ Γ(T ), then with
respect to a g ∈ C one has (recall section 2.1.1) [s]g =

 ρϕa
σ

 ∈ Γ([T ]g), and
the explicit transformation behaviour of [s]g under a change of metric shows
that one has a canonical projection ΠT0 : T → E [1]. Moreover, it can be
seen from the definition of ∇T and some simple differential consequences,
[BEG94], that the section s ∈ T is ∇T -parallel if and only if σ = ΠT0 satisfies
the equation
(DaDbσ + Pabσ)0 = 0. (26)
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Given a solution σ of (26), the corresponding∇T -parallel tractor is obtained
by the splitting operator [BEG94]
LT0 : E [1]→ Γ(T ), (27)
σ 7→

− 1ngpq(Dpqσ + Ppq σ)Dσ
σ

 .
A solution σ ∈ Γ(E [1]) of (26) has been termed an almost Einstein scale
by R. Gover, [Gov10], since (26) turns out to be equivalent to σ−2g being
Einstein wherever σ is non-zero.
4.3. Explicit decomposition in signature (2, 3). We start with confor-
mal spin structures of signature (2, 3). Given a generic twistor spinor χ
and its tractor spinor X = LS0 (χ), we consider the orthogonal comple-
ment X⊥ of RX in Γ(S) with respect to B3,4. It is easy to see that a
twistor spinor η ∈ Γ(S[12 ]) splits into this complementary space if and only
if b2,3(η,D/ χ)+b2,3(χ,D/ η) = 0. The space of twistor spinors satisfying this
equation shall be denoted by Tw⊥C (χ) ⊂ TwC ⊂ Γ(S[12 ]).
Lemma 4.3. For a fixed generic twistor spinor χ, we have a bijective cor-
respondence between almost Einstein scales and twistor spinors η such that
b2,3(η,D/ χ) + b2,3(χ,D/ η) = 0. An almost Einstein scale σ ∈ E [1] is mapped
to
2
5
σD/ χ+ (Dσ) · χ ∈ Tw⊥C (χ).
and a twistor spinor η ∈ Tw⊥C (χ) is mapped to the almost Einstein scale
σ = b2,3(χ, η).
Proof. Suppose X ∈ ∆3,4 with B3,4(X,X) 6= 0 is stabilized by G2. Consider
the map R3,4 → ∆3,4 given by Clifford multiplication on X. Then this
is a non-zero, G2-equivariant map. Moreover, R
3,4 is an irreducible G2-
representation, and thus the map must be an isomorphism onto its image,
which is the orthogonal complement X⊥ to RX in ∆3,4 with respect to the
invariant bilinear form B3,4. The inverse maps a spinor Y to the unique
element v ∈ R3,4 such that h3,4(v,w)B3,4(X,X) = B3,4(w · X,Y ) for all
w ∈ R(3,4).
Passing to associated bundles yields an identification of the standard
tractor bundle T with X⊥. In order to obtain the explicit formulas relat-
ing almost Einstein scales with the subset Tw⊥C (χ) of the space of twistor
spinors, we use the formulas (27), (4) and (2) for the splitting operators
LT0 : E [1] → Γ(T ) and LS0 : Γ(S[12 ])→ Γ(S) and for the Clifford multiplica-
tion γ : T ⊗ S → S.

We proceed to the decomposition of infinitesimal automorphisms in terms
of χ.
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Proposition 4.4. Given a conformal spin structure of signature (2, 3) and
a generic twistor spinor χ ∈ Γ(S[12 ]), the space of conformal Killing fields
decomposes into the space of almost Einstein scales and the space of infini-
tesimal automorphisms of the corresponding rank 2-distribution. Explicitly,
for some g ∈ C, the almost Einstein scale part of a conformal Killing field
ξ ∈ X(M) is given by
σ = b2,3(χ,−4
5
ξ ·D/ χ+ (D[aξb]) · χ) ∈ E [1].
Conversely, an almost Einstein scale σ ∈ E [1] is mapped to a conformal
Killing field
ξa = b2,3(γaχ,
2
5
σD/ χ+ (Dσ) · χ) ∈ Ea[2] = X(M)
Proof. Proposition 4.1 implies that conformal Killing fields decompose into
infinitesimal automorphisms of the distributions and almost Einstein scales.
Algebraically, the projection so(3, 4) = Λ2R3,4 → R3,4 is given by action of
Λ2R3,4 on the non-null spinor X composed with the isomorphism X⊥ ∼= R3,4
from Lemma 4.3. The inverse of the map Λ2R3,4 → R3,4 assigns to w ∈ R3,4
the unique element φ ∈ Λ2R3,4 = Λ2(R3,4)∗ such that φ(u, v)B3,4(X,X) =
B3,4(u · v ·X,w ·X) for all u, v ∈ R3,4.
The explicit decomposition in terms of χ is then obtained using the alge-
braic maps and the differential BGG-splitting operators. 
4.4. Explicit decomposition in signature (3, 3). Suppose we have a
conformal spin structure of signature (3, 3), a generic twistor spinor χ ∈
Γ(S+[
1
2 ]) and its tractor spinor X = L
S
0 (χ). Again, we use the notation
Tw⊥C (χ) ⊂ TwC ⊂ Γ(S+[12 ]) for the space of twistor spinors satisfying
b3,3(η,D/ χ) + b3,3(χ,D/ η) = 0; these are mapped via the splitting operator
(4) into the orthogonal complement X⊥.
Proposition 4.5. Given a conformal spin structure of signature (3, 3) and
a generic twistor spinor χ ∈ Γ(S[12 ]), the space of conformal Killing fields
decomposes into the space of Tw⊥C (χ) and the space of infinitesimal auto-
morphisms of the corresponding rank 3-distribution. Explicitly, for a g ∈ C,
a conformal Killing field ξ ∈ X(M) is mapped to the twistor spinor
η = −2
3
ξ ·D/ χ+ (D[aξb]) · χ+
1
6
(δξ)χ ∈ Tw⊥C (χ)
and a twistor spinor η ∈ Tw⊥C (χ) is mapped to the conformal Killing field
ξa = b3,3(χ, γaη) ∈ Ea[2] = X(M).
Proof. The map so(4, 4) = Λ2R4,4 → ∆4,4+ given by action on the Spin(3, 4)-
invariant element X ∈ ∆4,4+ provides an identification of the subrepresen-
tation R3,4 ⊂ so(4, 4) with X⊥ ⊂ ∆4,4+ . Employing Proposition 4.1 we thus
have a decomposition of conformal Killing fields into infinitesimal automor-
phisms of the distribution and twistor spinors Tw⊥C (χ). Again, the explicit
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maps are obtained via simple computations using differential splitting for-
mulas (24) and (4). 
In this case almost Einstein scales don’t correspond to infinitesimal auto-
morphisms, but again, they can be identified with a subset of twistor spinors.
For this, note that Clifford multiplication on the non-null spinor X ∈ ∆4,4+
defines an isomorphism R4,4 ∼= ∆4,4− and therefore have:
Proposition 4.6. There is a bijective correspondence between almost Ein-
stein scales and negative twistor spinors. An almost Einstein scale σ ∈ E [1]
is mapped to the negative twistor spinor
η =
1
3
σD/ χ+ (Dσ) · χ ∈ Γ(S−[1
2
]).
Conversely, a negative twistor spinor η ∈ Γ(S−[12 ]) is mapped to the almost
Einstein scale σ = b3,3(χ, η) ∈ E [1].
4.5. Remark on the normal conformal Killing forms induced by the
generic twistor spinors. Fixing the a generic twistor spinor χ gives rise
to more maps from twistor spinors to normal conformal Killing k-forms: In
signature (2, 3) we have an inclusion from twistor spinors into normal con-
formal Killing 2-forms. In particular, a generic twistor spinor χ gives rise to
φ2 := b2,3(χ, γ[aγb]χ) ∈ E[ab][3]. In [HS09] we use the existence of such a con-
formal Killing 2-form to characterize the conformal structures associated to
2-distributions.
In signature (3, 3) we have an inclusion from negative twistor spinors
into normal conformal Killing 2-forms and an inclusion of positive twistor
spinors into normal conformal Killing 3-forms. In particular, in this case we
always have a non-trivial normal conformal Killing 3-form, which is given by
φ3 := b3,3(χ, γ[aγbγc]χ) ∈ E[abc][4].
Since φ2 and φ3 correspond to to pure spinors they are decomposable and
therefore insertion into the form has a 3-dimensional kernel in both cases.
In signature (3, 3) this is already the canonical 3-distribution associated to
φ3, and in signature (2, 3) the canonical 2-distribution is formed by the
intersection of the kernel of g with the kernel of φ2.
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